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1. In a recent lecture (see [l]) I stated the following theorem: Let 
Pl , PP ,***, P, be an arbitrary k-tuple of permutations of S,, the sym- 
metric group with n letters, and k > 2 a fixed integer. Let p(n) denote 
the number of partitions of n, i.e., the number of solutions of 
72 =x,+x,+ . . . . 
1 <Xl <x, G ..*. (1.1) 
The phrase “almost all k-tuples” should mean, as usual “with the exception 
of at most o(p(n)“) k-tuples for n---f co. We represent all P’s by their 
canonical cycle-representation; let P stand for the set of all cycle-lengths 
in P (with multiplicity) and I P ] for the number of cycles in P. Then the 
theorem in question asserts qualitatively that almost all k-tuples of sets 
P, ) H, ,...) P, have a “relatively large” intersection; more exactly, for 
arbitrarily small E > 0, fixed k > 2 and n ---f 00, for almost all k-tuples 
P 1 >-.., Pk of P’s the cardinality of the set 
H,nP,n-..nP, 
is at least 
UP - ~1 max(lP, I, I P2 I,..., I Bk I). (l-2) 
The interest of this theorem lies obviously in the fact that the lengths of 
cycles influence several group-theoretical properties of P. The theorem is 
obviously equivalent to the following: Let Ii’ be an arbitrary partition 
of 12 as in (1.1); let ff stand for the set of all summands in 17 (with multi- 
plicity) and ( ff 1 the number of summands in n. Then for arbitrarily small 
E > 0, fixed integer k > 2 and n -+ 00, for almost all k-tuples of 
partitions III ,..., nk of n the cardinality of the set 
iTI nf9, n ...ITk 
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is at least 
(1.4) 
2. In this note I shall deal with the corresponding problem in the 
case of “unequal” partitions, i.e., the case of partitions 
n = y, + yz + -*., 
1 <y1 <y, < **-. (2-l) 
Let Q be an arbitrary unequal partition of n as in (2.1), let & stand for 
the set of all summands in Q and let [ Q ( be the number of summands 
in Q. Let q(n) stand for the number of unequal partitions of n; as proved 
by Hardy and Ramanujan (see [2]), one has for n -+ 00 
- - 
q(n) = (1 + 0(1))(1/4 . 31j4)-l n-a/4e(“/~3)~\/n. (2.2) 
The phrase “for almost all k-tuples Ql ,..., Qk of unequal partitions” 
will mean, of course, “with the exception of at most o(q(n)“) k-tuples”, 
k fixed, n -+ co. Then we assert the following 
THEOREM I. For fixed k > 2 and n + CD, for almost all k-tuples 
Q, , Q, ,..a, Qk of Q the cardinality of the set 
~lnQ,n-*nQ, 
is at least 
(1 - o(l))(d/3/7rk2”-l) &. (2.3) 
Concerning a formulation of this theorem of type (1.4), we must 
remind the reader of a theorem of Erdos-Lehner of 1941 (see [3]) according 
to which (not in the strongest form) the number of summands in almost 
all unequal partitions (i.e., with the exception of o(q(n)) at most) is 
(1 + 0(1))(2 2/3 log 2/7r) I.& 
This and (2.3) give for the first minute, perhaps incredible, 
(2.4) 
COROLLARY. For arbitrarily small E > 0, fixed integer k 2 2 and 
n -+ co, for almost all k-tuples of Q, , Q, ,..., Q, of Q the cardinality of 
the set 
&lnQ,n*.*nQk 
is at least 
(W”log2 - 4 max(l a 0 I Q, I,..., I ek I). (2.5) 
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The surprising feature is again the fact that the first factor in (2.5) is 
independent of n. Still more surprising is the following fact which one 
could get from the proof of Theorem I mutatis mutandis. Let 77 = q(N) 
tend to 0 with l/N arbitrarily slowly, let k be tied integer > 2, and let 
n1 3 n2 ,..., n, be arbitrar integers satisfying the inequality 
N < nl , n2 ,..., n, < W + 4, N+ co. (2.6) 
Let Q; be an unequal partition of nj(j = 1, 2,..., k), Qj’ again the set of 
all summands in Qi’ and 1 (zi’ 1 the number of summands in Qi’. Then we 
have 
THEOREM II. For arbitrarily small E > 0, any fixed integer k > 2 and 
N -+ co, the cardinality of the set 
Q1’ n Qz’ n .-. n Qk’ 
is at least 
UW” log 2 - 4 max(l Q1’ I, I Qz’ I,..., I Ok’ I), 
with o(q(Nk) exceptional k-&pies of partitions Q,‘, Q2’,..., Q,’ at most. 
3. It suffices to give the proof of Theorem I for the case k = 3. Let 
o~x<1,O~~<l,O~z<1,O~t<l, (3.1) 
and let us consider the generating function 
f(T Y, 2, f) = fi (1 + x” + y” + 2” + (xy>” + (XZ~ + (yz)’ + (xyz>y t}. 
v=l 
(3.2) 
Let us consider the coefficient of xnlynWatz inf(x, y, z, t). Upon execution 
of the multiplication in (3.2) on the right, we have to pick one term from 
each bracketed factor. Obviously one has to pick the term (xyz)‘t exactly 1 
times. If the corresponding Y-values are 
u = a, , a2 ,..., a2 , 1 \(a, <a, < .*a <al, 
then each such subproduct contributes to the coefficient of xnlyn~znstz 
just 1 with each partition-triples of nl , n2 resp. n3 containing a, , a, ,..., a, 
as common summands. But these partitions contain no other common 
summands. Indeed, if we take the term (xy)y1, say from a bracketed 
factor belonging to a 
v = v1 # a,, a2 ,..., a,, 
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then the corresponding triples of partitions are such that the first and 
second contain vI as sunnnand but not the third. Hence, if g(nl , n2 , n3 , n4) 
stands for the number1 of triples of partitions Q’, Q2’, Q3’ of n, , LT~ 
resp. n3 so that with the notation of 2, 
I Q1’ n Q2’ n Q3’ I = n4, 
then the coefficient of xB~ync%n* in f(x, y, z, f) is 
gh , n2 , n3 , n4>. 
Substituting 
x z e-Q, y = e+a, z = emr3, 
rj > 0, 
and writing 
(3.3) and (3.2) give 
fi g(n, , a2 , n3 , n4> f+7) 
n It n n=a 1’ 2’ 3’ 4 
m  
= g (1 + e-“‘l + e---yTz + e-“fa + e---ph+d 
+ e-Y(rl+ra) + e-v(r*+ra) + e--Y(71+7a+7ab-14)~ 
With the notation 
(3.3) 
t = ET&, 
(3.4) 
(3.5) 
Jj (1 + e-9 = %9, 
(3.6) 
(3.7) 
identity (3.6) can be written as 
= R(r,) R(r2) R(r,) “4 11 - (l - e-‘*) - 
e v(q+ra+rJ 
( 1 + e-yrl)(l + e-%)(1 + e+s) I ’ 
(3.8) 
1 If all the n$‘s are pairwise different, no problem concerning the order of partitions 
occurs. If  n, = rl, ) say, and Q1’ # Q2’, then the triple must be counted twice and 
analogously in all other cases. 
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4. Let us denote the last infinite product by H(r). Then for rj > 0 
we have 
log H(r) < -(l - e-“) 5 
-vbl+r2+TJ 
"=l (1 + e-vrl);l + ePF2)(1 + e-vr3) 
< --(I - e-r4),/8(erl+TdrX - 1) 
= 4 + 41N(r4/Wl + r2 + r3h (4.1) 
where the o-sign holds uniformly for 
max(r, , r2 , r3 , r4) - 0. (4.2) 
5. Next we need an upper bound for R(y). We have for y > 0 
logR(y) = 2f (-l)dT = 
v=lu31 
zg eTzy 5 F 
which is 
= (1 _ e-Y) f e--my 5 iIT+? [F] 
WL=l !4=1 
= (1 - e-“) /flmeemY f  y  + K(y)/, 
LL=l 
(5.1) 
where for y > 0 (roughly) 
=~I+.&=--llog(&. 1 - e-Y (5.2) 
Since for y > 0 
12 - me-*Y f  (-1)u-1 < m 
mpnY 1 
m-1 u=nz+1 P I c T?S=l 
- < & 9 (5.3) m+l 
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further 
z? (-lY--l rr2 - -z =12 P (5.4) w=l 
and 
we find that 
I log R(y) - rr2/12 (l/(e” - l))/ < log (l/(1 - e-l)) + 1, 
i.e., 
log R(y) < 9/12y + 1 + log(l/(l - e-v)). 
If y > 0 is sufficiently small, the inequality2 
follows. 
NY) < 3/y exp(+/W (5.6) 
6. From (3.Q (4.1), (4.2), and (5.6), the proof can be quickly com- 
pleted as follows: Since the coefficients g(nl , n2, n3 , nJ are nonnegative 
we get for all sufficiently small ri > 0 
I.e., 
sb, n, n, n3 fw(--n(rl + r2 + r3> - n4r4) 
< 27/v2r3 exp(r2/12 (l/r, + I/r2 + l/r,) 
- ((1 + 4W4M8(rl + rz + r3N), 
da, n, n, 4 < 27/rlr2r3 exp(& + r2 + r3) +- (~2/12)(l/rl + I/rz 4- 1/r3) 
+ r4h4 - (1 + oW(% + r2 -I- r3)>)>, (6-V 
Suppose now 
and choose 
n4 d M d/n, 
r, = rz = r3 = T/2 1/3 &i, 
(6.2) 
* exp(x) stands for P. 
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with n sufficiently large. Then (4.2) is fulfilled and we get 
g(n, n, n, n4> < cr@ exp(7r d3 d/n + r4 d/n (M - (1 + 0(1))/(47~ d/3))}, 
(c positive constant). 
Hence if A4 in (6.2) satisfies the inequality M < 1/45~d/5, the proof will 
be finished by choosing Ye > 0 sufficiently small. 
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